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Theoretical solution of wave equation in an external invisibility cloak with
linear transformation function

M. R. Forouzeshfard, M. Hosseini Farzad,

Physics Department, Faculty of Science, Shiraz University, Shiraz 71454, Iran

Abstract- In 2009 the problem of external invisibility cloak was solved for the first time by the method of transformation
optics and the properties of the external invisibility cloak was obtained with that. In this paper the material properties of an
external invisibility cloak which is obtained by transformation optics, is used to solve Maxwell's wave equations theoretically
inside and outside of this cloak. At the end according to the result of our theoretical solution, electric field distribution is
plotted with Mathematica software and the resulting diagram is compared with the other diagram which was plotted with
COMSOL software and reported in literature.

Keywords: External invisibility cloak, Maxwell' wave equation, Theoretical solution, Transformation optics

\td
ASb g yiawd BB WWW.OPSILIT Colu o 4 cuwl jliel gl)ls a0 0 dlin )


http://www.opsi.ir/
http://www.opsi.ir/article-1-537-fa.html

[ Downloaded from www.opsi.ir on 2025-11-08 |

Jroad Syl 4yl Y

Olaise osliws ;o ) Do 4 b Las &b
daiswe) ‘;Q)_.s slas ‘scl.:.,.u daide Cy ! :\.2‘5.':....;‘
daie) ilre slad slad daaise 4 g (mn O

3 B 50 Ol

r=f(r')=Ar'+B, 0=6', z=17,0)

JM&SJ)Q)‘)J‘MjW}J‘_;‘JJ B 9A QT)OAS
V1L sl il o 0 (25 Sl (S5l

a-b c—a
=| ———— , B =b _—
Ashell (C—bj shell (C—bj

A,.=alc, B, =0 ™

core

s FO)=a ol o &5 cul psb s &b o
alols ;o a5 Las 5l 4y o ol oplcwl T(D) =D
G asr<b SsaY gy, sl l3bsr<c
SerSI 6o sl Sy b Sel a4l WS
@ Oze 4 ly 398 o &b b sle Syl il

[V] d.bb‘sa Cawd

r-B r
G =T o=t = TR
r-B
gzzﬂzz AZr (Yl)

w—:—S 6)“-.‘5%’.l-'.> ) 4-54.‘) B M)

62 el Sy b Gl Gl JgeSle DYl
Sz 50 (S S Glaee) TE ae (sl g (6 5k8 S5 2SI

o Cewd |y sl s OYolee (Z alginl jgoee
Al s2o

1a[raEzJ+ 1 8(18EZJ+kaEZ:O

erorlu, or | er?o6\ u 06

™

E, =w(r0O(0) <o & i silulaz 5l ax
doleo (F) doles ;o (V) alal, 6,08l puzen 4

ool JIB Ll ae g diwg slp ) Jeel o o

Y#Y

St S e oKssls N YAY oLo..{O YO LYY

doddio —)

@l Lanze ;5 (gusbliiog 180l glgel Jlastl 092 (o)
5 F Pl LS pale b 5o 698 Slge 18 Jul
il (o0 Sgsd 5 Sl ple 0 ol (o n) 8 0
Jods sle (Seb slo Jod o598 Slge 18 cnl o 5o
4 yarmie 3Slee (pimes 5 0 Slaeal LSl

los,S 293 Caaws 4y 1) (g o Az g5yl 48

slo Sy srp 9 Sl Gl la Jod obml (Sl
als SeS a [V ] Yeor gl o b ol gl
Jub 5l g ol (S5 1B (o) p 9s9e s S
powge I 0> sl (Sl Jib plgte o sl (5l
Gl awaa bl 0> gla ) alises glgil ool
5 5o (o] wlgal 5 [F] woye [¥] s Jolss calise
S8 @Vlie ,o am aw jo [£] o o [V 6,5 5 o

RPN

o b 2l sle il ol o> sla Ll ogdle
Awdid g Bl CanSl o g b olge 5l as 55 alold jo
IVIast oass 3 ,me &Vlie ;0 3,8 0 0500 00iiST

b Il cnl slacSg gloel 5 398 lo (o) (ooles
Ll gl il o plml o Sl 4l by
gyl el oo (pBL (izmen 9 b Sy (nl Coe
gy dolee 5 U ba)lpl cnl )3 (canbliseg Sl
wd I 18 axgi o905 gle laeme iz S JsuSle
» e Bl Gl o w Ol Je sl ol
Dol 6,5 5 [AA] 6l wlsiad s 0,80 glo ot

3,5 o Ll

sl JLanl o)l > eyl amd alie onl o
Sy9e |y sl dlginl ()5 slo Jod )0 (cnnbliseg Sl
¢ sl Shy sk cnl sl s E adlas
Slp oo Sl a s bhwg oads gl el (SG Sl
o g oolo 18 soliial syg0 1) [V] s 5l gg o)
J= Ll (s ol b e )0 oo dolae 05 (oo
w23 58 sy s anlllae 350 1) T sl Sl g oS
el bols> pl zae dobe slo Clg> 23L 5l o
Boiaite )58 p 5 SaS ay allis )0 05250 (o5 oles

w2l00,5 )


http://www.opsi.ir/article-1-537-fa.html

[ Downloaded from www.opsi.ir on 2025-11-08 |

r=a )05

ald, (k,a) = aid, (k,(a—B))+a?H, (k,(a—B))
kza|3‘]|‘ (k,a) =
k,(a—B)

a [all‘]l(kl(a_B))+aI2HI(k1(a_B))]

(—AN)

Mf‘f)‘f‘wé‘fB)w| IR WK S U] u“‘"“\"‘

(e

doole (o5 5 Y sl L plxl loas
Nloe 50 ) Dygo & (-A) 5 (@A) SYolas
in 1 sC 2
(o — )3, (kob) + (@ — x? JH, (kyb) = 0
(4" = o )3, (Kob) + (e — @2 H, (kob) = O
(O‘I3 - all )‘]I (koC) — aIZHI (kec)=0 QY
(o? — a3, (ko) — @M, (ko0) = 0
5 el il € g b bl &Sl @ asg b
oo W el e bl ples sl Laly, cpl Guisren
88 A e

al=a’=a", of=a’=0.

0% B8 bl a5 conl cpl el o S8 LB 6 4SS
Cewd & (6992 goe lp ool S S Sl o
@ lae ey gl dslol jo aitea IS LIS 5 wleaw]
pobee | 6998 oo JS& a5 )l LS )l p 5 S5
sl sl ) e zee SO e K Sl 0

oS oo ol

Goue gilw al ¥
@‘&éu@}louiwa@@bjgwybublp
o975 b ol 00,5 5 Mathematica 1381 » 5 oS

5 S ¥ 1y Lad laslaw o o lae ol s
aS COMSOL 158l ¢ 5 51 Jol> ol b1y Jol> mbs
oS Al wiloas (3158 Yl ple

Se 6398 Ty S oo 2 Ikl sk Gl sl
gl S e a1 4 0l TE piSS 5 e

wle 9928 G398 () b Jsle 4 jho 6093

YFY

St S e oKssls N YAY oLo..{O YO LYY

Wl oo Cws wabg B g A
el Jowdlyays adolsee

e dip(n) o dy(r)
(r-B) ar +(r—B) ar

J{[kp"‘(r—B)j —|2}y/(r)=0 ®
&l agly Jumslya50 aoles

2
4°90) ;12609 = 0
a0 *)

Jil s dolas ylo o Jumslyins alolas elais iso
o> B osjlail 4 o)1 sl jao 5o a5 il o o
walss €17 &0 4 agly i o Sy 5 wlea
>0 asb aw 0 zge dolae o Oly> cplplo 0

se daly> y oo <@ ga<r<b

D", (kor)e" + ot H® (k,r)e" r=b
I

Zall‘]l (kl(r - Bshell))e"g

E, =
+a,2H,(1)(k1(r - Bshell))e"g as<r<b
2’ (k,r)e' r<a
1
)
c-b
5‘]I(') 9 k2 :kOC/a ‘kl :koﬁ u] 59 Ly

o Jsl A JSe g e w1y sy aH ()

(5‘).3 Ja.m.: w‘).»o ‘(i=1,2,3,in,SC)a|i 9 ‘\.\ML:

wly oYl Hy 5 B, (g5, coslio 55,0 Ll

2»).1.@0‘5.0@‘:0
PR r=hb 59

a3, (kob) + o H, (kyb) =
a3, (k, (b - B))+ a?H, (k, (b — B))
koleg™ 3, (kob) + & H, (kob) | =

@ [all‘Jl (k,(b—B))+a’H, (k, (b~ B))]

(M)


http://www.opsi.ir/article-1-537-fa.html

[ Downloaded from www.opsi.ir on 2025-11-08 ]

(1]
[2
31

(4]

(5]

(6]
(71

(8]

(9]

[10]

&=y

J. B. Pendry, D. Schuring and D. R. Smith, Controlling
electromagnetic fields, Science, 312, 1780 (2006).

U. Leonhardt, Optical conformal mapping, Science 312,
1777 (2006).

Hualiang Zhang, Hao Xin, and R. W. Ziolkowski,
Electromagnetic Invisibility Cloak with Circular-Elliptical
Shaped Boundary, Antennas and Propagation Society
International Symposium, 2009. APSURSI '09. IEEE
Marco Rahm, David Schurig, Daniel A. Roberts, Steven
A. Cummer, David R. Smith, John B. Pendry, Design of
electromagnetic cloaks and concentratorsusing form
invariant  coordinate  transformation of  maxwel's
equations, Photonics and Nanostructures—
Fundamentals and Applications 6 (2008) 87-95

Cai Wenshan., Shalaev Vladimir., Optical Metamaterials
Fundamentals and applications, New York, Springer,
2010.

Yu You, George W. Kattawar, and Ping Yang, Invisibility
cloaks for toroids, Opt Express, 2009 Apr;17(8):6591-9
Lai Y. Chen H.Y. Zhang Z. Q. Chan C. T,
Complementary media invisibility cloak that cloaks objects
at a distance outside the cloaking shell, Phys. Rev. Lett.
102, 093901, 2009.

Zhichao Ruan, Min Yan, Curtis W. Neff, and Min Qiu,
Ideal Cylindrical Cloak, Perfect but sensitive to Tiny
Perturbation, Phys. Rev. Lett. 99, 113903 (2007).

Baile Zhang, Hongsheng Chen, Bae-lan Wu, Yu Luo,
Lixin Ran, and Jin Au Kong, Response of a cylindrical
invisibility cloak to electromagnetic waves, Phys. Rev. B,
76, 121101(R), (2007).

Hongsheng Chen, Bae-lan Wu, Baile Zhang, and Jin Au
Kong, Electromagnetic Wave Interactions with a
Metamaterial Cloak, Phys. Rev. Lett. 99, 063903 (2007).

-1

Y5¥

(i dage olKals AYAY olays YO b YY

[Msgs aalss " = (=) cplpbs

b pliSs o zge S (So S lane Z adlie VS
230 ol 4 ambian o o | wlsd=1 e Jsb
Ao o lis ]y, —20<1<20 ol p o) Jus
A oslitul 3550 jlogei (nl o)y sln &S alayuel il
Wls asa=05b=1c=2 ; cusle wlas s
bl Jol> U5 5 ool [V] gz jo slo il alis
by a5 @z ol o 00l (515 SO L 295 Sl

Elelcim Field, zlcnmpnnent,ll_:l

10
L . | ] 0.5
J [\
- 05
-10
' o :

5 S (I (2l el (SoSI o m5e-) S5
TE pliSS o gge o Gl Cod aF )5 s G 5 o

B 5 by 5 el 455 5wl A=1 oo Jibo b
el 00 oy (ot

S5 4l -0

be Sl b S sl JoeSle zoe dolae 5k J>
Wolae 28L 5l amy Sl w85 18 o 050 ()5
wolio 5550 llpd 4 4z bl o g Jemdliine
b Alae Sy oles gl |, z3e Uolas gl ly>
Kitae 580 pp SeS 4 bb 5o ol ooyl Cews
5 00,5 wamay g5 ol ooled sl 1y oSS s
58S JoalS I8 05 b sl (A1F (serm 5 SIS L
el ! 03,8 auslie ol sad 3L [V] gy
&z o osd IS i b o e @l Jol>

IV KN EICPON


http://www.opsi.ir/article-1-537-fa.html
http://www.tcpdf.org

